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component equipment conditions for more realistic design
and control decisions.
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Finite-Difference Solution of Two Variable Thermal
and Mechanical Deformation Problems

Kerry S. HaAvNER*
Douglas Aircraft Company, Inc., Santa Monica, Calif.

A numerical solution of thermoelastic stress and deformation problems governed by two
linear, second-order, elliptic partial differential equations in two unknowns is presented.
The analysis is applicable to both axially symmetric solids and variable thickness plates with

temperature-dependent material properties.

Body forces caused by rotation and/or tem-

perature gradients and boundary conditions corresponding to any combination of prescribed
tractions and displacements are considered. A general digital computer program based upon
a finite-difference discretization and utilizing the method of successive overrelaxation is
briefly described. Selected results from turbomachinery problems and a numerical com-
parison with the classical rotating ellipsoid are included.

Nomenclature

network spacing

N
[
[

network point

l,m direction numbers of outward normal with respect
to the R and Z axes

7,2 = point coordinates, in.

t = plate thickness, in.

u, W = displacements in R and Z directions, respectively,
in.

z, Y = coordinates relative to boundary point in B and Z
directions, respectively, in.

A g = general matrix element

C,, Cs, C; = dimensionless material constants

E = modulus of elasticity, psi

Fy, F, = prescribed boundary values

F,F, = body forces per unit volume in R and Z directions,
respectively, Ib/in.3

G = shear modulus, psi

T = temperature rise, °F

@ = coefficient of thermal expansion, in./in./°F

aw, B = matrix elements

8p, 0p° = elements of displacement and load vectors, respec-
tively, in.

N = Lamé constant, psi = »E/(1 4+ »)(1 — 2»)

v = Poisson’s ratio

0 = mass density, lb-sec?/in.*

Gry O3 = normal stresses in R and Z directions, respectively,
psi

ot = circumferential stress in axisymmetric solid, psi

T = shearing stress in R-Z plane, psi

w = rotational speed, rad/sec, overrelaxation factor
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1. Introduction

NUMBER of stress and deformation problems that

oceur in engineering practice can be represented mathe-
matically by linear, second-order, elliptic partial differential
equations. In particular, the extensional problem of the
thin, variable thickness plate and the problem of the axisym-
metrie, three-dimensional solid can be so represented. Thus,
the mathematical models of these distinctly different physical
bodies, formulated in different geometries, can be incorpor-
ated within a general set of elliptic equations that includes
these models as special cases.

There is a great deal to be gained by this single formulation,
for the mathematical difficulties inherent in a consideration
of irregular configurations, mixed boundary conditions, and
the effect of thermal loading on material properties arise
in both the plate and the axisymmetric solid. In such
stress and deformation problems as occur in turbomachinery
elements (e.g., turbine disks and blades, axisymmetric nozzles,
etc.), thick-shell pressure vessels, and encased solid pro-
pellants, for example, these effects of configuration, tempera-
ture, and constraint can be quite important. Thus, some
sort of discretization is mandatory if the elliptic equations to
be solved are to be representative of physically significant
problems. To this purpose the finite-difference method is
chosen herein as the most feasible means of solution, affording
considerable flexibility and enabling the development of a
computer program applicable to a wide range of problems.

In recent years, numerical analyses of stress problems in
irregular, thick-walled pressure vessels and encased solid
propellants have been given by Thoms,* Conte, Miller, and
Sensenig,? Bijlaard and Dohrmann,®* and Hubka.? In the
field of mechanical and thermal problems in rotating machin-
ery (including blade problems) analyses have been given by
Hodge and Papa,® Chang,” Schilhansl? Kobayashi and
Trumpler,® and Fried, Reichenbach, and Chingari.to—12
The most general elasticity formulations are those by Thoms!
and Kobayashi and Trumpler,? using Southwell stress func-
tions, and Conte, Miller, and Sensenig,? Hubka,® and Fried,!?
using deformations as unknowns. The other papers make
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use of various approximations appropriate to the particular
problems under consideration. The effect of temperature on
material properties is included only in the analysis given by
Chang.” A variational formulation of the difference equa-
tions for axisymmetric solids is contained in the paper by
Conte, Miller, and Scnsenig.

2. General Differential Equations

Beginning with the equations of linearized, uncoupled
thermoelasticity that define the thermal-mechanical stress
and deformation problem in the interior of an axisymmetric
solid'® (Fig. 1), and considering the variation of material
properties £ and « with temperature, the final differential
equations that govern the displacements « and w can be
written

<A+zG>~+<x+2G><lbf+ )aaj

1 oF 1 0K\ Ou
|:>\ (EE) -\ + 2@ —} -I—G(E bz)bz +
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(?\+G)

1
> bv + F, 1% or (EaT) (1)

1 OF
(x+2G)~+<A+2G)<E¥)°—1”+
7 Oz
1 0F 1 0K
G(EE+ )*“G)arz [G<Ebr>+

N+ 6) ]bu+<le> +x<1a—E>a—“+

E 0z E 0oz/) or
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The corresponding equations for a thin plate of variable
thickness (Fig. 2) can be developed independently or can be
deduced from Egs. (1) and (2) by letting r go to infinity and
determining the modifications of the elastic constants that
result from approximating the plate as a plane stress problem.
Thus, F must be replaced by Et in all terms, and the other
constants must be modified to reflect the condition that the
stress o, be equal to zero. The final equations are

Et 0% L o(ED) ou 1 o(Et) du
1 — p2or? 1 — w2 Or 2(1 +v) 0z 0z
kBt 0w 1 O(EY) ow v O(Et) ow
20 4+ ») 022 21 4+ v) 0z Or 1 —2 or Oz
Et o%w 1
Et ow | 1 d(HY bu - 1 oy dw
1 — p? 022 1—vr 0z 21+ ») “or or
Et o I a(Et) du v O(Et) du n
2(1 + ») or? 2(1 +») or 0z 1— 2 0z Or
Et 1 o]
201 — ») brbz S T y s (BtaT) =0 ()

There are several advantages in the choice of deformations
as unknowns in the formulation of these differential equations.
As pointed out by Allen'* in discussing extension of a flat
plate, the case of mixed boundary conditions can be solved
more easily in terms of displacements than in terms of a stress
function ¢, and this is no less true in three-dimensional
axisymmetric problems. The difficulties inherent in a
fourth-order stress function formulation of isothermal axi-
symmetric problems have been discussed by Conte, Miller,
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Fig.1 Stressed element in axially symmetric solid.

and Sensenig.? For the more general problems considered
here, even a stress function formulation patterned after the
method of Southwell®*» could well prove impossible of
solution.

Another advantage in the choice of displacements lies in
the resulting similarity of mathematical form between the
sets of equations (1-4). Thus, defining new constants and
load terms, these equations can be replaced by a single set
of two elliptic partial differential equations sufficiently gen-
eral as to include the three-dimensional axisymmetric and two-
dimensional extension problems as special cases. Consider-
ing only the body force due to a possible rotation about the
z axis, these equations are

1 O 1 0E*
01 + Cll: or + Rl(T):l -4 Ry(r )I: E'* o
1 OE*\ ou 0%
C1R1(7’):| u+ Cs <E‘ > > Cs 52 +

* 1 *
03(1 o >°w+c (—?—E—>ai"+ ©+C) o

E* 0z E* or
L s 02<1 + ) 25 o (B%aT) =0 ()
632+ <Ei %) o +03[ ! aE*qtli",l(r)]a—w
03 [c S G 03)R1<r>] ou

1 oE* 1 oE*
09 Rl(T) < o2 ) + Co (; o2 ) or +

o%u L+»y 1 0 o -
(©+C) ot - ca( ' )E* > @) =0 ©

For axisymmetric solids

C = 1 —» c v )
T a+na - 2,,) T A+ 00 — 20 l} e
/21 + »)]
Ri(r) = ]/r E*=201+4»G=E |
For variable thickness plates (extensional problems),
1 v 1
G=7—% O iTn %Tsy
(7h)
Ri(r) = 0 E*¥ = 2(1 4+ »)Gt =

(In both cases C; = Cs 4 2C;.)
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z

Fig. 2 Stressed element in variable thickness plate.

Equations (5) and (6) henceforth will be referred to as the
governing differential equations of the two variable thermal
and mechanical deformation problems. In the development
of these equations the temperature rise T, the material prop-
erties £ and «, and (for plate problems) the thickness ¢
have been taken as variable. The material properties p and
v have been considered constant. The stresses o,, o, (axi-
symmetric solids only), a., and 7, to be determined from the
solution of Egs. (5) and (6), are given by the expressions

ar = Ci/(E)Qu/or) + CoE) [Ri(r)u + Qu/d2)] — )
Co[(1 + v) /v EaT)
o = CuE)R(r)u + Co(E) [(Ou/0r) + (0w/d2)] —
Gl + »)/v[(EaT) | (8)
6, = C(E)(Qw/02) + Co(E)[Bi(r)u + (Qu/or)] —
Co[(1 + ») /v [(EaT)
7 = C3(E)[(0u/02) + (ow/or)] /

3. Finite-Difference Equations

The replacement of Eqgs. (5) and (6) by finite-difference
equations involves the determination of the difference ap-
proximations to all first- and second-order derivatives of
and w at each point of the network. At a regular point (Fig.
3), the well-known central difference approximations lead to
the equations

iy = (U + KD/ X)uin,; + Ci(1 — K)(1/X)uior; +
Cs(l + Ko)(1/X)ui i + Co(l — K)(A/X)wij0 -+
Ca(K) (1/X)wia,; ~ wisa ) + CalKe)(1/X) X
(Wi, — wi i) + [(Co + Co)/41(1/X) (Wi 01 —

Wigl,jo1 — Wi—1,j41 + ’w1'~1,j*1) + ui° (9)
= C(1 + K/ YV)wis; + C(1 — KD)A/YV)wia; +
Ci(1 4+ Ko)(1/Y)ws s + Ci{1 — Ko)(1/Y)ws 54 +
ColKo) (L/Y) Wirrs — wis) + (C:Ky + C5Ky) X
A/ YY) (iyn — uija) + [(Cs + C5)/41(1/Y) X
(U1, — Wist i — Wigju + Wiy 1) +

4C(KK) 1/ Vywi; + wi,° (10)
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Fig. 3 Regular interior
il point.
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where
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Y = 2(01 + 03)

K, K, K3, K4, X, and Y are dimensionless variables deter-
mined from problem geometry, thermal gradients, and ma-
terial property vs temperature curves. wu.;° and w; ,°, hav-
ing the dimension of length, are load terms (starting values)
that depend upon mechanical (centrifugal) loading as well
as upon these same factors of geometry, temperature, and
material.

For an irregular point, the simplest approach is to choose
a five-point neighborhood and approximate the derivatives
as the corresponding rates of change of a polynomial surface
passing through the point and the neighborhood. This can
be accomplished by a formal Taylor’s series expansion of
either of the deformations u or w about the point, dropping
terms of third and higher degree. For a typical point near
the boundary in the upper right quadrant of an irregular do-
main (Fig. 4), the resulting finite-difference equations are
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S+ K —2
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and the other terms are as defined in Egs. (11).

Y=201<;17+K21
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The absence from Eqs. (12) and (13) of fictitious points
outside the boundary is significant to the development of a
computer program capable of forming and solving the differ-
ence equations for a general boundary configuration. Similar
equations can be written for points adjacent to the boundary
in the other quadrants of the domain, thus completing a
discretization free from dependence upon fictitious points.
These equations for the displacements have errors of order i3

4. Boundary Conditions

Boundary conditions in which tractions and/or displace-
ments are specified can be classified into four groups. Re-
ferring to Fig. 5, these classifications are 1) displacements
u and w prescribed, 2) tractions R and Z prescribed, 3) normal
displacement Ay and tangential shearing stress 7 prescribed,
and 4) normal stress oy and tangential displacement Agp
prescribed.

The corresponding equations written for boundary point
0 (Fig. 5) and expressed in terms of the displacements » and
wifollow:

Class 1
’lt0=F1 w0=F? (15)
Class 2
o)
il < ) + Cd (Rl(r)u + b—w> +
[}
Fe} F
Con (32 + 3°) —0a 42 (ami =
> (16)
Cim <ai”> + Cum (Rl(r)u + ¢ )
o F
caz<bz + “) — Com ~2 (aT), = Z
Class 3
luO + mwy = F]
(C, — Co)lm@w/dz)y — (C; — Co)lmdu/Or)y + (17

Ca(l2 — m?) (Qu/d2)s + C3(12 — m2)(Qw/0r)y = Fo/E
Class 4
lwy — muy = F,
(Cll2 + szz) (Ou/br)o + (Clmz + Czlz) (a'LU/aZ)g + (18)

CoRy(Mue + 2C3Im(Qu/dz + Ow/dr), —
C.(1 + v/v)(al)y = Fy/E

where [ and m are the direction numbers of the outward
normal with respect to the B and Z axes, and F; and F; are
the prescribed boundary values.

The first class of boundary conditions (that of prescribed
displacements) requires no further discussion. The boundary
conditions of types 2, 3, and 4, however, involve first~order
partial differential equations in the displacements and con-
sequently require the development of corresponding differ-
ence approximations. In the simpler problem of normal
gradient boundary conditions, a number of approximation
procedures have been suggested, many of which involve
the use of fictitious points. One of the better known approxi-
mations is attributed to Fox, and an excellent method has
been contributed recently by Allen and Robins.”” Other
approximative techniques for the normal gradient problem
are described by Crandall,’® Forsythe and Wasow,® and
Allen.™ These various procedures are not completely suit-
able for the more general equations (16-18), however, and if
fictitious points are to be avoided altogether, another tech-
nique must be developed. The theory and method of
approximation advanced herein was given by the author in
19632 and independently proposed by Greenspan® in 1964
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(although the latter restricted consideration to normal
gradient conditions in one dependent variable). It is a
direct method of quadratic approximation suitable for any
set of first-order partial differential boundary equations
in two dependent variables. The application of this method
to the boundary equations (16-18) follows.

At a typical boundary point 0 (Fig. 5), the displacement
u (or w) is expanded in a Taylor’s series:

ou ou x? (O
“= “"“(ar> ”(az) +*<ﬁ> *

% %y
4 <brbz>0 Ty (bz > +.o 49

where z and y are coordinates relative to the boundary point
in the R and Z directions, respectively. Evaluating this
equation at each point of an irregular neighborhood of points
1,...,5 (Fig. 5), and denoting the elements of the resulting
coordinates matrix by o, the following matrix equations
can be written:

len){ou} = {us — o} lanl{ow} = {we — w} (20

where {0u} and {dw] represent the column vectors of the
partial derivatives of u and w, respectively. From the solu-
tion of Egs. (20), the expressions for the first-order deriva-
tives in terms of the inverse matrix elements 8 are

(ar>o Z Bustie — g 2 B

5
<bu> D Brur — u Z Bae
1

@n

5 5
(bw) Z Bur wi — wy Z Bix
1
ow
( ) Zﬂzkwk—@%z;@%

By expressing the coordinates of the general point k as &h,
7k, and writing Eq. (19) in the form

ur = up + Eh ( ) + b ( >o = Eh? <2:> -+

o2 Q%
Exmph? <37“D ) + é mh? (5;;>0 + 0(h% (22)

Fig.5 General bound- A o 7
ary point.
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Fig. 6 Deformation vs iteration curves for various over-
relaxation factors.

it can be shown that the errors in the difference approxima-
tions of Egs. (21) are of order h2. Thus, the errors in the
displacements are of order %3, consistent with Egs. (12) and
(13) for interior points.

The final finite-difference approximations to the boundary
conditions of types 2, 3, and 4 are obtained by substituting
Egs. (21) into the differential equations (16-18), solving
simultaneously for u, and w, in each case. The resulting
equations, expressed in general form, are

5 5
U = 2, Anewr + D A we + u*
1 1

(23)
5 5
We = Z By ur + Z Bar, wi + wo*
1 1
where
Ay = (1/X6)(Gy Djr, — D:Gix) ]
Bjy = (1/X) (DG — Gy Dy) 1} 1)
u* = (1/X0)(GeDy — D:Go) \
we* = (1/X¢)(DiGy — GiDy) J
Xo = Dle - D2G1 (25)

For boundary condition class 2 (prescribed tractions), the D
and G quantities in Eqgs. (24) are given by the expressions

5 5
D, = Ci Z Bu — ColRy + Csm Z Bar
1 1

5 5
D, = Cyl Z B + Cym Z Bk
1 1
5 5
G = Cam Z Bie — ComBy + C4l Z Bex
A
G = Clmz B + Calz Bu
1 1
Dy = CllBlk + Camﬁ-_’k Gy = sz,31k + Calﬁzk

Dy = ColBer + ComBu  Gar = CimPBa + CslBix
Dy =l + »)/ri(al) — (F\/E)
Gy —Con[(1 4+ »)/v)(aT) — (F/E)

For houndary condition class 3 the corresponding equations
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are
D, =1 Dy =m ]
5 5

G = (C, — Co)lm ; Bu — Cs(l* — m?) 21: B
5 5

G = —(CL — C)lm > B — Co(i2 — m% . Bue
1 1 27)

Dy =0 Dy, = 0

G = (C1 — Co)lmBr — C5(12 — m?)Bur

G = "(Cl - Cz) lm,32k - 03(12 - 7712)ﬁ1k

Dy = F; Gy = Fo/E

with similar equations for class 4.

5. Matrix Solution

The finite-difference equations for the displacements u and
w at any point p, either in the interior of the problem domain
or on the boundary S, can be expressed in general form as

Up = Z AplUhq + Z bpawg + up° (28)
q q

Wy = 2 CpgWq + 2 dpquty + w,°
q q

where the coefficients auq, . . . , dpe and the load terms u,°,
w,° are determined from the appropriate equations (9, 10,
12, 13, 23, and 24, ete.). In matrix form, Eqs. (28) become

[4ls} = {s°} (29)

with the order N of the square coefficients matrix [A] equal
to the total number of unknown displacements » and w.
The column veetor of these displacements is {8}, and {6°} is
the loads vector of starting values «°, w°. From Egs. (28)
it is evident that the diagonal elements A,, of the [A] matrix
are unity, whereas each off-diagonal element A,, is equal in
magnitude but opposite in sign to the correspoading coeffi-
cient @pq, byg, ete.

Matrix [A]is a sparse matrix of large order N with a maxi-
mum of fourteen nonzero elements in any one row. Thus,
although the matrix [A] does not have the desirable proper-
ties of symmetry and nonnegativeness, it nevertheless pos-
sesses characteristics that suggest an iterative method of
solution. Of those cyclic iterative techniques suitable for
computer computation, the one chosen herein (and one of the
more widely used) is the method of successive overrelaxation,
the use of systematic overrelaxation with the method of suc-
cessive displacements. The value of this method was theo-
retically established by Young?? for a class of matrices having
what is standardly termed property (A), but it has been
demonstrated (as here) to extend to considerably more gen-
eral matrices.

Denoting the overrelaxation factor by w, the general
equation of successive overrelaxation is given as

® Z Apd Gt Z Apdyr =

a<p a>p
(1 — w)d + wdp,® (30)

where 8,71 is the n + 1st corrected value of §,. It is doubt-
ful that successive overrelaxation can be proved convergent
for a general matrix [A] formed from a direct discretization
of the field equations and a quadratic approximation of the
boundary conditions. The author has found the method to
converge, however, for a wide range of both thermoelastic
and isothermal problems in plates and axisymmetric solids,
considering high-strength steels having a Poisson’s ratio ap-
proximately equal to 0.3 and using values of w from 1.5 to
1.7. The divergence (for circular cylinders) reported by
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Conte, Miller, and Sensenig? possibly can be attributed to
their consideration of a solid-propellant-like material having
a Poisson’s ratio near 0.5. (They do not mention this
point in their paper, however.)

6. Computer Program and Numerical
Applications

A FORTRAN language computer program has been de-
veloped? that is capable of performing the finite-difference
diseretization and solution of the general deformation bound-
ary value problem considered herein. The program input
includes a description of the boundary configuration, the
problem type, material properties, rotational speed and/or
temperature distribution, thickness variation (for extensional
problems), and boundary conditions and preseribed boundary
functions. The output includes network structure and
boundary geometry (phase 1), matrix coefficients and starting
values (phase 2), and final deformations and stresses (phases
3 and 4). The program is designed for an IBM 7090 or 7094
data processing system with 32K core storage. The maxi-
mum size network permitted consists of approximately 1000
modal points over a rectangular domain (requiring an order
of 26,000 data locations during iteration), with fewer effective
points in cases of irregular configurations.

For a typical mixed boundary value problem, the first
two phases of the computation require a total of 1-13 min.
The last phase, calculation of the stresses, requires only a
few seconds. The major portion of the time required for a
problem run is taken up by the iteration phase; thus a well-
chosen overrelaxation factor can result in a considerable
economy. This is strikingly illustrated in Fig. 6 whercin
curves of deformation vs cyeles of iteration are depicted for
various overrelaxation factors from 1.0 to 1.7. The deforma-
tion values given correspond to the radial displacement w
at point A of a thick disk rotating about the Z axis. Note
that, for an overrelaxation factor v = 1.7, the iteration has
converged to three significant figures in less than 50 cycles,

STRESS o

(STRESSES ARE GIVEN IN UNITS
OF 10° LB AQ IN)

NUMERICAL SOLUTION
- —— — CLASSICAL SOLUTION

Fig. 7 Comparison of numerical and classical solutions
for radial stress distribution in rotating ellipsoid.
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STRESS T
(STRESSES AREGIVEN IN UNITS
OF i0° LB 5Q.'N)

NUMERICAL SOLUTION
— — — CLASSICAL SOLUTION

Fig. 8 Comparison of numerical and classical solutions
for shearing stress distribution in rotating ellipsoid.

whereas for the method of successive displacements without
overrelaxation (w = 1), the value of u, is still more than
49, in error after 240 cycles. (A very coarse mesh was used
for this problem, corresponding to approximately 65 points
over the cross section.)

For overrelaxation factors between 1.0 and 1.7, the rate
of convergence ranged between these two extremes as shown
(Fig. 6). When 2 solution was attempted with a factor of
1.8, however, the iteration diverged. Similarly, for the
various other problems that have been calculated by the
program, the iteration diverged for overrelaxation factors
that were sufficiently large but converged at increasing rates
with increasing w for smaller values (a result also reported
by Thoms! for the problem of a variable diameter cylinder
under internal pressure). Thus, it has been observed that
the optimum overrelaxation factor must be quite close to the
largest value for which convergence can be obtained, the
optimum and maximum values having been found to lie
between 1.7 and 1.8 for isothermal problems with simple
rectangular boundaries, between 1.6 and 1.7 for isothermal
problems with curved or irregular boundaries, and between
1.5 and 1.6 for thermal stress problems with irregular bound-
aries.

A comparison of numerical results from the finite-difference
computer solution of a rotating ellipsoid with the classical
solution obtained by Chree?? is shown in Figs. 7 and 8. The
ellipsoid is 6 in. in diameter and 2 in. in breadth, rotating at a
speed of 50,000 rpm; 300 cycles of iteration were performed,
using an overrelaxation factor of 1.6. A total running time
of 12 min. was required for the four phases of the computation.
(A network of medium fineness consisting of 26 horizontal
grid lines and 8 vertical grid lines over one quarter of the
ellipse was chosen, resulting in 240 network points and 446
displacement unknowns.) After 290 cycles, the u displace-
ments were essentially converged to three significant figures,
and at the end of 300 cycles the maximum change per cycle
in the w displacements had decreased to 0.017259;. The
deviation in the shearing stress values from the classical solu-
tion near the axes of the ellipsoid, as seen in Fig. 8, was
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Fig. 9 Radial stress distribution in turbine wheel blade
and disk.

caused by ‘‘slicing off” the body in these regions. Thus,
the discrete model is slightly flat at the top and the side, with
the corresponding free-surface boundary condition of zero
tangential shearing stress imposed along these boundary
segments. Agreement with the classical solution for the
circumferential stress o, and the small axial stress ¢, is com-
parable to that for o, and 7, with ¢, deviating slightly more
because of the small increments in w still being experienced
after 300 cycles.

The calculated radial stress distribution in a typical small
radial-flow turbine wheel is given in Fig. 9. The wheel is
approximately 9 in. in diameter with a maximum disk radius
of 2.6 in. The upper or blade portion of the wheel cross
section is a variable thickness plate, relatively thin along its
entire right edge. The various stresses and deformations
in the wheel were obtained by separate computations of the
blade and disk, performing 400 cycles of iteration (with w =
1.6) in each problem and using a total of 45-50 min of ma-
chine time for the two solutions taken together. A network
consisting of 27 horizontal and 15 vertical grid lines was
chosen for the blade, with a network of 21 by 25 lines chosen
for the disk (giving a combined total of 1516 unknown dis-
placements). In the blade analysis a segment of the disk
was considered to be acting with the blade, and the resulting
body was isolated and taken as fixed along its curved lower
boundary. The force intensities along the actual blade-
disk junction, obtained from the solution of this problem as
a variable thickness plate, were applied as boundary values
to the disk through the equations

27 1, Frdisk |- p fblade Rblade = ()
(31)
2 1, F disk | g {plade Zblade = ()

where the subseript s denotes the blade-disk common bound-
ary, n is the number of blades, and R and Z are the boundary
force intensities for the blade. The disk problem was then
solved as an axisymmetric solid. Thus, the force equations
along the blade-disk boundary are satisfied by the combined
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stress distribution in the turbine wheel, but the displacement
compatiblity equations are not exactly satisfied. Conse-
quently the radial stresses given in Fig. 9 should properly be
considered as preliminary values only. However, the lack
of perfect compatibility of deformations along the blade-
disk boundary may not be particularly significant in a problem
such as this one. The stress resultants over the boundary
satisfy static equilibrium of the blade, and small variations in
the distribution of these values should have only localized
effect, since all radial stresses are tensile, and there are no
large stress gradients near the boundary in either the blade
or the disk. (The three dimensional, nonaxisymmetric true
nature of the problem near the blade-disk junction is not
considered here, being beyond the scope of this analysis.)

In the case of thermal loading of the turbine wheel of Fig.
9, corresponding to a temperature gradient of approximately
800°F along the axis and a total variation of 1200°F from the
end of the shaft to the blade tip, separate solutions of the
blade and disk are less satisfactory.?® Deformation incom-
patibilities of significant magnitude are introduced, leading
to unrealistically large bending stresses in the disk. To
enable the solution of such combined blade-disk problems
a new computer program has been developed, permitting the
simultaneous solution of a variable thickness plate and an
(ideally) axisymmetric solid. The application of this pro-
gram to thermal and centrifugal problems in turbine wheels
is now in progress.

7. Conclusions

A formulation and finite-difference discretization of the
general elliptic partial differential equations governing thermal
and mechanical deformation problems in plates and axisym-
metric solids has been presented. Mixed boundary condi-
tions on irregular configurations have been considered, and a
new method of quadratic approximation applicable to any
set of first-order partial differential equations in two de-
pendent variables has been advanced. From a comparison
with the classical solution of a rotating ellipsoid, the methods
of discretization have been found highly satisfactory.

The successive overrelaxation method has been used
within the computer program described as the means of solv-
ing the general matrix equation. Although it is doubtful
that convergence of the method can be theoretically estab-
lished in the general case, it has been demonstrated herein
to be an appropriate technique of solution in several im-
portant problems from the turbomachinery field.
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